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ABSTRACT. We obtain Schauder estimates for a class of concave fully nonlinear
nonlocal parabolic equations of order o € (0, 2) with rough and non-symmetric
kernels. As a application, we prove that the solution to a translation invariant
equation with merely bounded data is C¢ in x variable and Al in t variable,
where A! is the Zygmund space.

1. INTRODUCTION

This paper is devoted to the study of Schauder estimates for a class of concave
fully nonlinear nonlocal parabolic equations. There is a vast literature on Schauder
estimates for classical elliptic and parabolic equations, for instance, see [13, 18, 4].
Since the work by Caffarelli and Silvestre [1, 3, 2], nonlocal equations, which natu-
rally arise from models in physics, engineering, and finance that involve long range
interactions (for instance, see [9]), attract an increasing level of interest recently.
An example of nonlocal operators, which is associated with pure jump processes
(see, for instance, [19]), is the following

Lou = / (u(t,x +y) —ult,z) — yTDu(t,x))Ka(t, z,y)dy for o € (1,2),
Rd

Lou= / (U(t,,’L‘ + y) - ’u‘(th) - yTDu(t7$)XB1)Ka(t7m7y) dy for o =1
]Rd

with / yKu(t,z,y)ds=0 VYr >0, (1.1)
S

L,u= / (u(t,x +y)— u(t,x))Ka(t,x,y) dy for o € (0,1),
Rd

where
K,€eL -f{K-L<K(t;ﬂy)<L}
o= Cyldre T ylde

for some ellipticity constants 0 < A < A, with no regularity assumption imposed
with respect to the y variable. This type of nonlocal operator was first considered
by Komatsu [16], Mikulevi¢ius and Pragarauskas [19, 20], and later by Dong and
Kim [11, 10], and Schwab and Silvestre [22], to name a few.

The fully nonlinear nonlocal parabolic equation that we are interested in is of
the form

Ut = (Lau + fa) in (—170) X B]_, (12)

inf
acA
where K, € Ly for a € A and A is an index set. For fully nonlinear second-order
equations with f, = 0, the celebrated C*® estimate was established independently
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by Evans [12] and Krylov [17] in early nineteen-eighties. Nonhomogeneous second-
order equations were considered a bit later by Safonov [21]. Recently, Caffarelli
and Silvestre [2] investigated the nonlocal version of Evans-Krylov theorem with
translation invariant and symmetric kernels, ie., K,(x,y) = K,(y) = Ku.(—y),
satisfying additional regularity assumptions

[Kalc2mevs,) S A2—0)p™ 772 (1.3)

More recently, their result was extended to nonhomogeneous fully nonlinear elliptic
equations by Jin and Xiong [14] by using a recursive Evans-Krylov theorem. At al-
most the same time, Serra [23] removed the regularity assumption (1.3) and proved
the Evans-Krylov theorem and Schauder estimates with symmetric kernels. His
proof relies on a Liouville type theorem and a blow-up analysis. In this paper, we
do not assume that the kernels are symmetric, which is certainly more general than
the kernels considered in [2, 14, 23]. Specifically, when the kernels are symmetric,
(1.1) is satisfied automatically, and

1

Lou= B /Rfl (u(z +y) + u(z —y) — 2u(z)) K, dy,

the right-hand side of which is the operator considered in [2, 14, 23].

For equations with non-symmetric kernels, Dong and Kim [10, 11] proved L,, and
Schauder estimates for linear elliptic equations. Chang-Lara and Dévila [7, 8] con-
sidered nonlocal parabolic equations with non-symmetric kernels and critical drift,
and proved the corresponding C% and C*“ estimate. Recently in [5], they proved a
version of the Evan-Krylov theorem for concave nonlocal parabolic equations with
critical drift, where they assumed the kernels to be non-symmetric but translation
invariant and smooth (1.3). We also mention that Schauder estimates for linear
nonlocal parabolic equations were studied in [15, 20].

The objective of this paper is twofold. First we extend the previous results in
[23, 5, 14, 15] to include concave nonlocal parabolic equations with non-symmetric
rough kernels. More specifically, for any small «, if f, and K,(t,z,y) are C* in
x and C*/7 in t, then we have the following C'T%/?:9+ 4 priori estimate of any
smooth solution u to (1.2).

Theorem 1.1. Let 0 € (0,2), 0 < A < A < o0, and A be an index set. There is
a constant & € (0,1) depending on d,o, A, and A so that the following holds. Let
a € (0,&) such that o + « is not an integer. Assume K, € Ly and satisfies (1.1)
when o =1, and

|Ka(t,$,y) - Ka(t/,$/,y)| < A('I - x/|04 + |t - t"Oé/U') (14)

ly|dto”

where A > 0 is a constant. Suppose u € C1T/77+e(Q1) N C¥%((—1,0) x RY) is
a solution of

up = igﬁl(La“ + fa) inQq, (1.5)
where f, € C*/7(Q,) satisfying
Coy = sup|fala/oa0, < o0, sup | inf f,(¢, = ‘ < 0.
aEA[ lajgaiar (t,z)eQ, | a€A (t.2)
Then,
[u]l-l-a/o,a-‘ra;Ql/g S C”u”a/o,a;(—l,O)de + CCOa (16)

where C' > 0 is a constant depending only on d, \, A\, a, A, and o.
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Note that || - [la/,a;0 i the Hélder norm of order a/o in t and « in z with
underlying domain 2. We also used @, to denote the parabolic cylinder with
radius r centered at the origin. For precise definitions, see Section 2. As pointed
out in [23], the C*/7*® Holder norm of u on the right-hand side of (1.6) is necessary
and cannot be replaced by the L, norm or any lower-order Holder norm of .

Roughly speaking, the proof of Theorem 1.1 can be divided into three steps.
First we prove a Liouville type theorem for solutions in (—oo,0) x R%. For the
classical PDEs, we generally apply interpolation and iteration to obtain C'* and
C? estimates. The nature of nonlocal operator is quite different from the classical
operator. Omne notable feature is that the boundary data is prescribed on the
complement of the domain where the equation is satisfied, which makes it difficult to
implement interpolation and iteration to deal with the nonlocal operator. However,
if we assume that (1.2) is satisfied in (—o00,0) x R?, then we do not need to worry
about boundary data any more, which is the advantage of considering an equation
satisfied in the whole space. Second, we prove the a priori estimate for equations
with translation invariant kernels by combining the Liouville theorem and a blow-
up analysis. Particularly in this step, the extension from symmetric kernels to
non-symmetric kernels is non-trivial. A key idea in the classical Evans-Krylov
theorem for F(D?u) = 0 is that, since the function F is concave, any second
directional derivative D? u is a subsolution. It is relatively easy to adapt this idea
to the nonlocal equation with symmetric kernels, because the centered second-order
difference appears in the definition of the operator. For nonsymmetric kernels, some
new ideas are required to obtain a similar subsolution as in the symmetric case.
Moreover, the dependence of the ¢ variable also makes the proof more involved.
Finally, we implement a more or less standard perturbation argument to treat the
general case.

The second objective of this paper is to consider the end point situation when
a = 0. For second-order elliptic equations, even the Poisson equation Au = f,
when f is merely bounded, it is well known that u may fail to be C*'. However,
this is not the case for nonlocal equations. In the case when o # 1 and the kernels
are independent of ¢ and x, we prove a priori C? estimate in the z variable and
A! estimate in the ¢ variable when f, is merely bounded. Here A! is the Zygmund
space. To our best knowledge, such result is new even for nonlocal elliptic equations
with symmetric kernels.

Theorem 1.2. Let o # 1. Assume that u is C° in z, A' in t and satisfies (1.2)
in (—o0,0) x R? with K, independent of t and x. When o € (1,2), we also assume
that Du is C@=V/7 in t. Then there exists a constant C' depending on d,\, A, and
o such that for o > 1,

[t + [ul; + [Dul's < Csup | fulr.es

foro <1,
[ + [u]s < Csup ||fallz...

where all the norms are taken in RITT := (—00,0) x RY.

Here [-]*, [-]4, and [-]4, are the Holder semi-norms in x, ¢, and Zygmund
semi-norm in t, respectively. See the precise definitions in Section 2.
The proof of Theorem 1.2 is based on a perturbation type argument using Cam-

panato’s approach. We first refine the estimate in Theorem 1.1 when the operator is
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translation invariant. In particular, we replace [|u/|q/g,a;(~1,0)xre On the right-hand
side of (1.6) by

o0
Hulla/a,a;Ql + Z 2_J0[u]a/o,a;(fl,0)><(32j \Byj—1)" (1.7)
j=1
The advantage of the replacement will be explained below. Another important
ingredient in the proof is the fact that for o > 1

[U]RI(R‘H’l) + [u]” o + [Du]tc,;l.RdH <Csup sup FEu;Q.(t,z)], (1.8)
0 Ko - Ro >0 (4 2)eRIH!

and for o < 1,

[U]i\l(RdJrl) + [U}Z.RdJrl S Csup sup E[u; Qr(tvx)]v (19)
° o >0 (t,z)eRI*?

where
Elu; Q. (t,x)] := inf r7||lu — (t.2))s
[u; Qr (L, )] gePT lu =Dl (@, (t,x))

P is the set of polynomial of degree [o] (i.e., the integer part of o) in z and linear
in t, and Q,(t,x) is the parabolic cylinder with center (¢,z); see (2.1). Therefore,
instead of directly estimating

[wlas + [uls + [Dulecs (or [ulps + [u]7),

we estimate Efu; Q,(t, z)] for any fixed r and (¢,2). More specifically, without loss
of generality, we set (t,z) = (0,0) and let vi solve the homogeneous equation

0wk = infeen Lavk in Q2r
vg = gk = max{—K,min{u — p, K}} in (—(2R)?,0) x By

)

where K is a large constant, p is a carefully chosen linear function, and R > 2r
is a constant to be determined. Now we apply Theorem 1.1 to vx and control
[UK]1+Q/U7Q+U;QR/2 by using scaling argument and replacing ||vk||o/q,o by (1.7). Tt
is easily seen that in each cylindrical domain (—R?,0) x (Baig \ Bai-1g), the Holder
norm of gx is bounded and independent of K, but globally it depends on K and
goes to infinity as K — oco. This is also the advantage of decomposing the domain
into annuli. We then set gx to be the first-order Taylor expansion of vx and we
estimate

lu—p—axllo ) <llu—p—vrli. @)+ VK —axllL. (.

where the first term is bounded by C'R? due to the Aleksandrov-Bakelman-Pucci
estimate and second term is controlled by [vk|ita/g,a+0:@,- Finally, we are able to
obtain

r N =p = gxllL.@) < CO/R)* ([uly + [wlas + [Dulems) + C(R/T)7]|fll Lo -

By setting R = Mr, using (1.8) (or (1.9)), and taking M sufficiently large, the
terms involving u on the right-hand side above are absorbed in the left-hand side.
It seems that new ideas are needed to deal with the case when ¢ = 1, because
in this case we expect that v € A! in 2 and it is unclear to us how to choose p in
order to get a good estimate of w — p in (—R,0) X (Byigr \ Bai-1R)-
We localize Theorem 1.2 to obtain the following corollary.
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Corollary 1.3. Let 0 # 1. Assume that u is C°(Q1) in z, AY(Q1) in t, and
satisfies

= inf (Lou+ fo) in Q1.
up = inf (Lou+ fa) in Q1

When o € (1,2), we also assume that Du is C=1/7(Qy) int. Then for o > 1,
(W50 + i@y + 1PU a1, < O (50 Wl + Tl ok )
and for o < 1,

[W0ya + [y < OS2 1l + Il cr i)

We remark that by viewing solutions to elliptic equations as steady state solu-
tions to parabolic equations, from Theorems 1.1, 1.2, and Corollary 1.3, we obtain
the corresponding results for nonlocal elliptic equations with nonsymmetric and
rough kernels.

The organization of this paper is as follows. In the next section, we introduce
some notation and preliminary results that are necessary in the proof of our main
results. We prove the Liouville theorem in Section 3 and Theorem 1.1 in Section 4.
In Section 5, we apply Theorem 1.1 to prove Theorem 1.2.

2. NOTATION AND PRELIMINARY RESULTS

In this section, we introduce some notation which will be used throughout this
paper and some preliminary results which are useful in our proof. We use B,.(z) to
denote the Euclidean ball in R? with center = and radius 7. The parabolic cylinder
Q. (t, ) is defined as follows

Qr(t,z) = (t —r7,t) x B.(x). (2.1)

We simply use @, to denote Q,(0,0) and RI™" := (—00,0) x RE Let Q ¢ RéH!
and we define the Holder semi-norm as follows: for any «, § € (0,1], and function

/s
|f(t,.’E) — f(S,y)‘

max(|z —yl|*, |t — 5|7)

[fla.gi0 = SUP{

We denote

(ta), (s,9) € 2 (1,2) # (s,) |-

[flla.gi = [l + a0
For any nonnegative integers m and n,
[fllmtantse = 1flle@ + D™ flaga + 107 flaga-

The spaces corresponding to || - [la.5.0 and || - [m+a.ns 0 are denoted by C8 ()
and C™Ton+8(Q), respectively. Next, for any «, 3 € (0,1], we define the Holder
semi-norms only with respect to x or ¢

. () — fty)|
[f]a;ﬂ = bup{ |£U — y|a : (t,l‘), (t’y) €N # y}a
(s =sup { LD LI 10), () e 1 2.5},

When ¢ = k + « with some integer k > 1,
(o0 = [D* Ml



6 H. DONG AND H. ZHANG
For a € (0,2), we define the Lipschitz-Zygmund norm

[uflae = [luflz. + sup. A" lul- + h) +u(- = h) = 2u()]| L -
>

We say u € A% if ||uljpe < o0.
For simplicity of notation, we denote

u(t,z +y) —u(t,z) —y* Du(t, z) for o € (1,2),
Su(t,z,y) = u(t,x +vy) — u(t,z) — yT Du(t,z)xs, for o =1,
u(t,z +y) —u(t, ) for o € (0,1).

The Pucci extremal operator is defined as follows: for o # 1

MTu(t,z) = / (Adu(t,z,y)* — )\(5u(75,x7y)_)fm%ﬁ7 dy,
Rd
9 _
MTu(t,z) = / (Aou(t,z,y)* — A(Su(t,x,y)_)MTi dy.
Rd

When o = 1, the extremal operator cannot be written out explicitly, due to the
condition (1.1). Nevertheless, we do not use exact representation directly and define
the extremal operator by

MTu = sup Lyu and M wu=inf L,u,

where the infimum (or supremum) is taken with respect to all L,’s with kernels K,
satisfying (1.1).
We recall the weak Harnack inequality of [22, Theorem 6.1].

Proposition 2.1. Assume that 0 < o9 < o < 2 and C > 0 is a constant. Let u be
a function such that

u —M"u>~-C in Qp, u>0 in (—1,0) x R%

Then there are constants C1 > 0 and g1 € (0,1) depending only on oo, \, A, and d,

such that
1/e
(/ uEldmdt> 1§Cl(infu+0).
(=1,—-279)XB1/4 Q1/a

From Proposition 2.1, we obtain the following corollary for o € (1,2), the proof
of which is provided in the appendix.

Corollary 2.2. Let o € (1,2), C > 0 be a constant, and u satisfy
u—Mu>-C in Qa, u>0 in (—(2r)7,0)x R,

Let €1 be the constant in Proposition 2.1. For any r,6 € (0,1), denote Qsr =
(=77, —(67r)?) x B,. Then we have

1/e
T*(UHU)/EI(/ ut dx dt) 1 < OQ( inf UJFCTU)a
Qs Qsrr2

where Cy > 0 is a constant depending only on 6,09, A\, A, and d.

We state the following local boundedness estimate from [6, Corollary 6.2].
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Proposition 2.3. Let Q C R?, t; < to, and u satisfy
U — MJF’UJ < 0 in (tl,tﬂ x Q.
Then for any (t),t2] x Q' CC (t1,t2] X Q,

N ta u+
sup u' < C/ / ———— dx dt,
Q' x (t]ta] t, Jra 1+ ||dte

where C' depends on Q, Y t1,t2, and t}.

Let us point out that the kernels considered in [6] are more general than our
kernels. Specifically, Chang-Lara and Dévila considered when o € [1,2)

Lu=(20) [ Sulw.y)K(y)dy+ b Du(a),
Rd
where du(z,y) = u(z +y) — u(z) — Du(z)yxs,, K(y) € Lo, and for some 3 > 0
sup 77! ‘b +(2-0) / yK(y)dy| < B. (2.2)
re(0,1) B]\Br
Note that for o > 1, since
5u(m, y) = gu(mv y) - Du(‘r)yXBfa
we can rewrite our operator and get
b=—-(2- 0)/ yK(y) dy.
By
Obviously, |b] < C, where C depends d, o, and A, and it is easy to check that (2.2)
holds for b and K above.
The next proposition is [22, Theorem 7.1].
Proposition 2.4. Let u satisfy in Q1
u—MTu<Cy and ur— M7 u>—Cy.

Then there are constants v € (0,1) and Cy > 0 only depending on d,o, A\, and A
such that

[u]v/ole/z = ClHu”Lw((fLO);Ll(wa)) + CCy.

llull oo (1,001 (wo)) = SUP / tutt.2)l
e T e te(0.1) Jra 1+ |z[dte

Here

Note that we replaced [|ul|.__((—1,0)xr4) bY U]l L ((=1,0);L1 (ws)), Which follows from
a simple localization argument. See, for instant, [6, Corollary 7.1]. In the sequel,
we always assume v < o.

We finish this section by proving the following global Holder estimate.

Lemma 2.5. Let u satisfy in Qq
u— MTu<Cy and uy — M u>—Cy,

where Cy 18 a constant and u = 0 in Rgﬂ \ Q1. Then there exists a constant
€ (0,1) depending on d,\, A, and o, so that

[u}a/a,a;Ql S CCOa
where C' depends on d,\, A, and o.
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Proof. Thanks to the interior Holder estimate Proposition 2.4, it suffices to prove
the estimate near the parabolic boundary of @);. We consider the lateral boundary
and bottom separately. Define ¢ : R — Rt as

b(z) = {xg for xg >0

0 for zg <0’

where 8 € (0,1). We claim that for sufficiently small 5 € (0,0) depending on d, A,
A, and o, we have

Mto(x) < —CaB7 in {xg >0},
where C' depends on d, \, A, and o. By scaling, it is obvious that
M () = a3~ M g(e),

where e = (0,0,...,0,1). Therefore, we only need to estimate M™¢(e).
Case 1: 0 > 1. By definition,

M*Fo(e)

—o)ah° e,y))t — e,y))” L
= (2— o)z (L + 1a).

When y; > —1, by concavity, it follows that
dle+y)=(1+ya)’” <14pya and b¢(e,y) <0.

Therefore,

1
I < / Aog(e,y) s dy
{lyal<1} lyl¥*
1

:)\/ (L+ya)? + (1 —ya)? —2) —— dy.
ya€(0,1) ( ) |y|d+e

Notice that for any s € (—1,1),

BB-1),, BB-D(B-2)

2 6 ’

(1+5)° <1+ps+
which implies that for y4 € (0,1)
(1+ya)” + (1~ ya)? =2 < B(B — 1)yi

Therefore,

2
L<as(s-1) [ i dy = G5 - 1),

ya€(0,1) |y

where C7 depends on d, A\, and o.
Now we turn to Is. Since ¢(e +y) = 0 when y4 < —1, we have

_ _ + _ _ _ —
I = A(=Bya —1)" — A(=Pya— 1)~ ,
d+o Y
{ya<—1} Yl

A(=Byq —1
</ ACO D) 4y — s,
{ya<—1/8} |yl
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where Cy depends on A, d, and o. Thanks to the estimates of I; and Is above, it
follows that

MTg(e) < C1B(B—1) + C257.
By choosing § sufficiently small depending on A, A, d, and o so that
Ci(B—1)+Cof7 1 < =C1/2,

the claim is proved.
Case 2: 0 < 1. Let I and I, be defined as before. Since ¢(x) = 0 for x4 < 0, we
get

A
I:—Q—J/ ———dy = —Cj, 2.3
’ ( ) {ya<—1} |y|d+a ° ( )

where C'5 > 0 depends on o, A, and d. For I, we have

B _ _ B
L=(2- U)/ A +va)” 1) Zﬁ)” b dy — (2 — 0)/ M= +ya)") (tjayd) ) dy
{ya>0} lyl ya€(—1,0) |yl

1 1
S(Q—U)A/ %dy—ﬂ) as B—0
{ya>0} |y|T+e

by the monotone convergence theorem. Therefore, we can choose 8 small depending
on A, )\, d, and o so that

MFp(e) < —C3/2.
The claim is proved.

Case 3: 0 = 1. In this case, we still have (2.3). For I;, we notice that integrand
in the region {—1 < yq < 0} U {]y| < 1} is negative, and

1 p_1
/ % dy—0 as f—0
{ya>0}n{|y|>1} ]

by the monotone convergence theorem. Thus the claim follows as well.

Now we are ready to consider u near the lateral boundary. By a translation and
rotation of the coordinates, we replace the ball By by Bj(e) and estimate u near
the origin. Define the barrier function ¥ (t,z) = 2ﬁ€gé¢(x). Obviously,

Co
28-oC
when z € B;(e). On the other hand, ¥ > 0 in R x R%. Since

up — MTu < Cy

MFo(z) > Co -0 Co

On(t,x) = MTP(t,x) = — 2p—o Ld

and u = 0 outside @)1, by the comparison principle,

_ G s
u(t,z) < Y(t,x) = zg—aéxd'
By considering —u instead of u, we have u > — Zlfg éxg . Hence, around the origin
lu| < C|z|?. By rotation of the coordinate, we obtain the estimate near the lateral
boundary.
For the bottom, let ¢ = Cp(to + 1) so that ¢(—1) = 0 and ¢'(t) = Cy. This
yields that

Od — MT ¢ = Cp.
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Moreover, ¢ > 0 in (—1,0) x R?. By the comparison principle again, u < ¢ in Q;.
In particular, near the bottom u < Cy(t + 1), which further implies |u| < Cy(t + 1)
by symmetry.

Combining the estimates of lateral boundary and bottom with the interior Holder
estimate, we prove the lemma. U

3. A LIOUVILLE THEOREM

The aim of this section is to prove the following Liouville theorem for the fully
nonlinear parabolic nonlocal equation with non-symmetric kernels. The elliptic
version for symmetric kernels was established in [23].

Theorem 3.1. Let oy € (0,1) and o € [09,2). There is a constant & € (0,1/2)
depending on d, \, A, and og such that the following statement holds. Let o € (0, &)
be such that [0 + &) < 0+« and if u € Cllot%’a+a(Rg+l) satisfying the following
properties:

(i) For any B € [0,0 + a] and R > 1, we have

[W]g/0.p:0n < NoR7TO77; (3.1)
(ii) For any (s,h) € R, we have
O (u(-+s,-4+h)—u) =M™ (u(- +s,-+h) —u) >0, (3.2)
O (u(-+ s, +h) —u) = M (u(-+s,- + h) —u) <0; (3.3)
For o0 > 1, we further impose (iii) For any nonnegative measure ju in R with
compact support, fRd ou(t,x, h) du(h) is a subsolution.

Then u is a polynomial of degree v in x and 1 in t, where v is the integer part
of 0 + a.

Remark 3.2. As in [23], it is possible to relax Condition () in Theorem 3.1 by
assuming that (3.1) is satisfied for any 8 € [0,0 + o'] and R > 1, where o’ € (0, )
is a constant satisfying o + o’ > v. A simple computation reveals that in the case
we also require that o > 1+ a — o’ when ¢ > 1 and v = 1; and 0 > a — o’ when
oc<landv=0.

To prove Theorem 3.1, we first present a few lemmas. Define

2—0

Plt) = [ (sultay) = 6u0.0.0)" 22 dy

_2—0
N(t = ou(t -0 — dy.
() = [ (Gutta) = 5u(0.0.9)) " = dy

Lemma 3.3. Let & € (0,1/2) be a constant satisfying & < o/2. Under the condi-
tions (i) and (ii) of Theorem 3.1, for any k > 2 and I € NU {0}, we have

sup (P 4+ N + |ug — u:(0,0)]) < C Nk < CNyr®! (3.4)
Wl
and
[ut]"//Ua’ﬂQl/z < Cﬂa’ (35)
where C' depends on d,\, A, and o.
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Proof. We first estimate P and N assuming that v = 2. Fix (¢, z), (¢,2’) € Q1 and
set | = |z —a'| + |t — ¢'|?. By Condition (i), when |y| < I,

|6u(t, z,y) — du(t', 2", y)|
= ‘ /01 y[Du(t,z + sy) — Du(t,z) — (Du(t', 2" + sy) — Du(t',x'))} ds‘
< O 2l oy < CNoly P+ (36)
Similarly, when |y| > I,
ult, 2, 9) — Su(t', 2, 5)] < Oyl ey amasorary < CNollyl7H (37)

Combining (3.6) and (3.7), we have

2—o0
du(t,z,y) — du(t’, z',y)| —— dy
| tbuttp) = ult ) 2o
- 2 —oa)ly|? (2—o)yl7t!
< CNylote 2/ (7d + CNyl —d
’ B lylite Y 0 R\ B, |ly|d+e Y
< CNI°. (3.8)

Hence P, N € C*/?(Q,). Because P(0,0) = N(0,0) = 0, we have
P(t,l’) + N(t,l‘) S C’No in Ql-

By modifying the estimate above, we can prove the same estimate for P when v = 0
or 1.

We then use a scaling argument. Define 4(t, x) = n~* “u(n’t, nz) for any n > 1.
It is easily seen that @ satisfies all the conditions in this lemma. Hence, we know
that

/ (2 - U)’da(t,x, y) — 04(0,0, y)‘
Rd

|y|d+0 dy S C’No in Ql-

Therefore,
P(n%t,nz) + N(n°t,nz) < CNon® in Qq,

which together with (3.2) and (3.3) implies (3.4).

To prove (3.5), we take h = 0 in (3.2) and (3.3), and then multiply them by 1/s.
By letting s — 0, we know that u; as well as u; —u4(0, 0) are sub and super-solutions
at the same time. By Proposition 2.4, we obtain that u; € 0777/0(Q1/2) for some
~ > 0 depending on d, A\, A, and o, and

lue — u¢(0,0)]
. = —u4(0,0 . <C ——d
[ut}"//U,’Y,Ql/Q [Ut Ut( ) )]V/J,%Quz = te?glio) /]Rd 1+ ‘.’E|‘7+d X

Using (3.4), for any ¢ € (—1,0),
/ |ug — u(0,0)] de dt
R4 1+ |l'|d—"_(7

S/ |Ut—ut(£;0)| dxdt—l—Z/ |ut_ut(d0_;0)|dxdt
B, 1+ |zt — )\, 1+ x]TF7

7=

o0
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0 Iioz(H»l)
—————dzdt

iz_g/B,{iJrl\B,{i 1+ |(E|d+a

it pd—1

1
< CN, —— dxdt + CN,
= O/Bl 1+ [z]dte 0

S CN() + CNO Z K&(H_l) /

: i
=0 K

o0

1+ rdto "

§0N0+CNOZM

=0

= S CN()H&,
— K-/Oé—o’

where C' depends only on d, A\, A, and 0. Here we used the fact & < ¢/2 and k > 2
in the last inequality. Therefore, the lemma is proved. O

By dividing u by a C' Ny, where C is the constant in (3.4), using Lemma 3.3 we
have that for any x > 2 and | € NU {0},
supP < k%, sup N < g™, (3.9)
Q.1 Q.1
We are going to prove inductively that there exists a sufficiently large x > 2 and
sufficiently small & € (0,1/2) such that
sup P< k™%, sup N<k % foranyleN.
Q-1 Q.1
For a fixed r € (0,1), assume that P attains its maximum in Q, at (to,zo).

Denote
A = {y : 5u(t07x07y) - 5U(O,O7y) > 0}

Then
2—o0
P(to,xo)Z/ (5u(t07$07y)—51‘(07079))Wd%
A
Ni(to, o) / (Bulto, z0,y) — 6u(0,0,y)) ~—2 d
x0) = u(to, = — du —dy.
0,0 Bi\A 0,%0,Y Uy |y|d+o. Yy
We define

2—0
olta) = [ (Butto,y) ~ u(0.0,) 2 2T dy
A ( ) |ly|d+e
Notice that v < P, and in particular v < 1 in ;. Moreover, P(tg, zo) = v(to, Zo)-
We denote v = (1 —v)™T.

Lemma 3.4. Suppose that & € (0,1/2) satisfying & < 0/2 and k > 2. Then we
have A
vy — M7o > —C(Ha — 1) m Q3/4, (310)
where C' is a positive constant depending only on d, \, A, and o.
Proof. Since v <1 in @1, for any (¢,x) € Q1 we have v(t,x2) =1 — v(t,x), thus
5U(ta z, y) = U(tv T+ y) - U(tv ZE‘) - Db(t, ZL’)y
=(1—-v)"(t,z+y)— (1 -0)(t,x)+ Dv(t,z)y
= (-1 (t,z+y) - dvt,z,y).

Therefore, we have

(60(t,z,y)) " > (do(t,z,y)) " = (v = DF(t,2 +y),

(do(t,z,y)) " < (Bu(t,z,y))” + (w— 1)t (t,a +y).
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These imply
Ado(t,z,y)) " — A(do(t,z,y))~

nt—/\/l_n:—vt—(2—a)/Rd e dy
_ +
z—vt+./\/l+v—(2—o')(A+)\)/ oV bty ,,
R4 lyd+e

From Condition (4i7) and an approximation, v satisfies
vy — MTo <0.
On the other hand, we have

(U - 1)+(t7 T+ y) / (P - 1)+(ta T+ y)
dy < dy.
(Ad [+ V= Je jy[d+e Y

Since P satisfies (3.9), for (t,x) € Q3/4, we have P(t,z 4+ y) < 1 when y € By 4,
and thus the right-hand side above is equal to

S (P -1tz +y)
Z d+o dy,
1=0 Bh-'i+173/4\Bh-i73/4 |y|

which by (3.9) is bounded by

) /
=0 BM+173/4\B»¢7"73/4

< Ci(n(ﬂrl)d _ 1)1%71'0 _ C( K4 1
=0

1—ké—0 1—k°

(i+1)& _ 1
K
Ty W

) <’ (/@é‘ - 1)7
where C only depends on d, A\, A, and og. Here we used the fact & < ¢/2 and k > 2
in the last inequality. The lemma is proved. O

Let 6 = \/(4A) and 7 be the constant in Proposition 2.4. For any r1 > 0, define
the set R
DT'l = {(tax) S Qn v 2>1— 9}

Lemma 3.5. Suppose that & € (0,1/2) satisfying & < o/2 and k > 2. There
exist some 1 € (0,1) sufficiently close to 1 and ¢ € (0,1) sufficiently small, both
depending only on d,\, A, and o, such that for ry = cx=/7,

Dr, | < 7l@r, |- (3.11)

Proof. By contradiction we assume that |D,,| > 1|Q,, |, and consider
2—-0
w = ou(t,z,y) — 0u(0,0,y)) —— dy.
/]R'i\A (Ol ) ) ly|d+e

By Condition (#i7) and an approximation, w is a subsolution, i.e.,

wy — Mtw <0 in RIT (3.12)
From (3.2) and (3.3), we know that in R4,
A Ut — ut((), 0) A Ut — ut(O, O)
Zpo o N<po L .
AP 1 <N )\P 3 ) (3.13)

implying that in Q2

[ut]’Y/U»W?Ql/z
A

AP . [ut]’Y/UaV;Ql/z

v /o
3 L (lal" +167°).

A
(12" +1P/7) <N < P+
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From (3.5), (3.9), and the above inequality, we obtain
w=P—-v—-N<(1-AA)P—-v+ C’/@d(|x|7 + |t|7/")
<1=AA—(1—0)+Cr*(Jz|” +t]/°)
~MA+0+Cr(Jz]” + [t[/7)  in Dy,

where C' only depends on d, A\, A, and 0. Now we choose ¢ sufficiently small de-
pending only on d, A, A, and o, such that

— AA+ 0+ Cr (] + 1t/

< 30+ Cr(ck™ ) < =30+ C" < —0 inQ,,, (3.14)
which implies w < —@ in D,.,. Since w is a subsolution (3.12), it follows immediately

that for any ¢ € (0,r1), we(t, ) := (w + 0)*(7t,ex) is a subsolution as well.
Moreover,

‘{u?s <0}NQp, /| > n’Qm/s : (3.15)

We estimate w. by applying Proposition 2.3 with ¢; = —1, to = 0, and = R?

0 )
1:(0,0) < C — < _dxdt
w(0,0) /_1/]Rd1+|x‘d+om

—0/0/ “’dedt+c/o/ e et (3.16)
- 1+ |z|dte 1 Jge 14 |x|dte ' '
1JByy e 1B .

We first consider the second term on the right-hand side of the inequality above

dx dt
// 1+\Id+<’ !
lw|(e%t, ex)
dz dt dz dt
// 1+|w|d+ ! +/ / T [al o

|w|(t, x)
< Cé( dz dt. 3.17
(&/m)” / /B e 4 Jzjdre 3.17)

Since |w| < max{P, N}, from (3.9), for any [ > 0,

sup |w| < k%
Q1

K

Therefore,

|w|(t, x)
/_Ea /B Tt 4 [g]are W

lw| / / |w|
dz dt + dzx dt
[gv /BI\B edto 4 |g|dto Z —eo JB_i11\B, i Jz|dto

< C((g/r1)° +£7K%), (3.18)

where C' only depends on d, A, A, and 0. We combine (3.17) and (3.18) to obtain
that

0 _

We o o, .G

C/_l/c/ T e et < C(e/r)” +€75%).
r1/e
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Recall that 1 = cx~%/7. For the right-hand side of the ipequality above, we want to
choose ¢ sufficiently small such that Ce?(r; 7 + k%) < 0/4. Indeed, since c € (0,1)

and o > v, we have r77 > k% It is sufficient to fix ¢ such that 2Ce%r % = /4,
i.e.,

e/r1 = (0/(8C)"7 = ¢y,

where ¢; only depends on d, A\, A, and 0. In other words, by taking ¢ = ¢1r; we
have

< .
c/ / 1+\|d+ du dt < 0/4. (3.19)

Next we estimate the first term on the right-hand side of (3.16) using (3.15):

0 _
W
c/ / S
By, 1+ 2|4t

We
= C/ —*°  _dxdt
((~1.0)x By e, )N{we>0} 1+ [z|dteo
<C(1-n)|Qije,l sup  we
(=1,0)x By ¢,
<CA=Qije| sup (w+0)T <6/4 (3.20)

—1,0)x Byy

upon taking n sufficiently close to 1 depending only on d, A\, A, and o.

Combining (3.20) and (3.19) with (3.16), we have @, (0,0) < 0/2 indicating that
w(0,0) < —0/2, which contradicts to w(0,0) = 0 by the definition of w. Therefore,
the lemma is proved. O

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. We mainly focus on the case when o > 1. At the end of the
proof, we sketch the proof for the case when ¢ = 1. The proof of the case when
€ (0,1) is similar, and thus omitted.
Let 77 and ¢ be the constants in Lemma 3.5 and r; = ck~%/7. From (3.11),

({1 —0> 01N Q] > (1—n)|Qn].

Recall that Qs,, = (=717, —(671)?) x B,,. For ¢ sufficiently small depending on 7,
we have

R ~ 1-— ~
{1—v>60}NQs,| > TU|Q5T1}.

We set r = dr1/2 and apply the weak Harnack inequality Corollary 2.2 to (1 —v)*
in Q374 with (3.10) to obtain

inf(1 —v) + C(s* — 1)rf

> OO =) g, gy T

> C(0)0((1 = 0)|Qsr]/2) "y

= C(OO((1—n)(1—67)/2)"" =20, (3.21)
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where 6 is a small constant depending only on d, A\, A, and . We fix k = 4/(c6)?,
where ¢ is chosen according to (3.14), which guarantees that

< co/2 - K-
for any & € (0,7/2). By the definitions of r above and r; in Lemma 3.5, the

right-hand side of inequality above equals 7, i.e., k=1 < 7.
Next, we choose &; = log(1 + 6/C)/log k such that for any & € (0, &q),

C(kY —1)r§ < C(k* —1) < 0.
Therefore, from (3.21) and the inequality above we obtain that supy v < 1 — 6.
Since k7! < 7,

sup P <sup P = P(tg,x0) = v(to,x0) =supv < 1—86. (3.22)
Q.1 Qr Qr
Similarly,
sup N <1-6. (3.23)
Q-1
Set
& =min { —log(1 —0)/logk, é1,7/2}.
Then (3.22) and (3.23) implies
sup k¥P <1, sup kN < 1. (3.24)
Q-1 Q.1
Let
P(t,z) = k%P(k™ 2,k 7t), N(t,z) =k N(k 'z, k1),
and

From (3.13), we have

A~ ut — ﬂt(O, 0))
AP A

Since k > 2 and & < vy, we get

Wt}v/del/z < Ka_’y[ut]FY/U»W?Ql/Z < [ut]v/ff,'y;Ql/z'
On the other hand, for any [ > 0,
sup]3 = K sup P < rORUDE = Iild, Supl6 < glo,
Q.1 Q1—1 Q.1
Therefore, P and N satisfy all the conditions of P and N. Applying (3.24) to P
and N, we have } }
sup P< k™% sup N <k %
Q-1 Q-1
which further implies that
sup P < k™2%  sup N < 2%,
Q-2 Q,.—2
By induction, for any [ € N,
sup P < /f_lé‘, sup N < K
Q-1 Q.1
Therefore, we have in (0

P(t,x) < O(l2|* + [t*77), N(t,z) < C(Jz|* + |t[*7).



NONLOCAL PARABOLIC EQUATION 17

Since for any n > 1, 4(t, ) = n~ 7 *u(nt,nx) satisfies the same condition as u,
replacing u by @ in the definition of P and denoting it as P;, we obtain

Pa(t,z) < C(|la|* +[t|*/7) i Q1.
Returning to P, we have

n " P(nt,ne) < O(|z|* + [t|*/7)
in @1, which further implies that

P(t,z)
sup ———————— <
Qu |z|* +[t|%/e

a—d&

Let n — oo yields
P(t, )
Sup Ao
(t,z)ERET |z + |¢]
which gives P = 0. Similarly, N = 0.
From the definition of P and N, we have

u(ta T+ y) - U(t, :L') - Du(ta x)y = U(O, y) - U(Oa 0) - DU(O’ O)y
Taking derivative in y, we have for any ¢ € (—00,0) and z,y € R?
Du(t,x +y) — Du(t,xz) = Du(0,y) — Du(0,0),

which implies for fixed ¢, u is a polynomial in x of order at most two. Using
Condition (7) with 8 = 0, we infer that this order is at most v. Using Condition
(#i) and P = N = 0, we get u; = ¢ for some constant c¢. The proof is completed for
o> 1.

Finally, we sketch the proof for ¢ = 1. From Condition (%), similar to the proof
above, we know that u(- + s,- + h) — u, and thus Du and u; are both sub and
supersolutions, and are in C7/%7(Q, /2)- By Proposition 2.4, we have

| Du| + |uy
. + [Du]y /o me <C s —— d=z.
[ut]v/ Y3 Q1/2 [ U]“// YiQi/2 = te}(l)I,)l] /]Rd 1+|.€L"d+1 x

From Condition (7), the right-hand side of the inequality above is less than

1 > C2ie C
- dz+ / dx <
/31 L+ |z[t+d ; By \B,;_, 1+ 2|+ 1—20-1

for any a € (0,1). By taking & < ~ and scaling as before, we can prove that

[ulr4y 14500 SCRYT,

i.e., u must be a linear function by sending R — oo. The theorem is proved. ([l

4. SCHAUDER ESTIMATE FOR NONLOCAL PARABOLIC EQUATIONS

In this section, we prove Theorem 1.1 by applying the Liouville theorem, a blow-
up analysis, and a localization procedure. In the rest of the paper, we do not specify
the domain associated with the norm when it is RIT! = (—o0,0) x R%.
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4.1. Equations with translation invariant kernels. In this subsection, we con-
sider equations with translation invariant kernels, i.e., K = K(y). The main result
of the subsection is the following theorem.

Theorem 4.1. Let o € (0,2) be a constant and A be an index set. There exists a
constant & > 0 depending on d,\, A, and o, such that given 0 < o/ < o < & satis-
fying [0 + o] < 0+ o’ < o+ « the following holds. Let u € CH‘I,/”"*/J”’((—LO) X
R?) N CHe/oato(Qy) satisfy

up = inf (Lau+ fa(t,2)) in Qu,
where Lo € Lo(o, A\, A) with K, = Kq(y) for any a € A. Assume that

sup
(tvz)te

;Iel,fc\fa(t’x)’ < 0.

Then

[uh—&-a/a,a—&-a;Ql/g < C[u]1+a//a,a’+o;(—1,0)><]Rd +C Sug[fa]a/o,a;Qla
ac

where C' only depends on d,\,A,o,a, and .
We denote
QF = (—1+2"" 7 /(1 -277),0) x B;_5+(0) (4.1)

for all sufficiently large integers k such that 2~ *+1 < 1 — 2= We shall prove a
stronger result:

k(afa’)[

Sl;p 2- u]1-&-05/0,04-"-0;62’c

< C[u]l+a’/a,a’+o’;(fl70)XRd +C Sgg[fa]a/a,a;Ql . (42)

The conclusion of the theorem is a particular case for k large only depending on
o so that Q1,2 C Q*. Since we assume that u € Clte/aateo(Qy), there exists an
integer k£ such that

27k(a7a )[u]1+a/o,o¢+a;Qk = Slllp 27l(a7a )[u]1+(x/a,oz+a;Ql'

Next, we prove (4.2) by contradiction. Assume that we can find solutions u; and
index sets A; such that

Oruj = aLnjj(Lauj + fo) in @, (t,il)ngl aiénjj fa(t,x)| < 00,

[“j]lJra’/a,aJra’;(fl,O)XRd + sup [fa]a/a,a;Q1 <1,
aGAj

k(a—a’)[

and Sl]ip 2 uj]lJra/a,o'Jra;Qk > ja (43)

where for any a € Ay, L, € Ly with K, = K,(y). As explained above, for each j
there exists an integer k; so that

2_kj(a_a )[uj] k(o )[uj}lJroz/o,aJrU;Q’“'

LhofoatoiQh = SUP2
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Lemma 4.2. For any j > 1, we have

[“j]1+a/a,a+a;Q’%§SUP sup T_(a_a)[uj]1+a//ma'+o;Qr(t,r)ﬂ{t>71}
>0 (t,2)eQ" s

< g0 [uj}1+o¢/g,a+g;ij : (4.4)
Moreover, we can find (t;,z;) € Q¥ and r; such that
1 —(a=a’)
i[uj}1+a/g,a+g;ij <7y [uj}Ha’/U,aUra;er (t5,m5)N{t>—1} (4.5)
and
2kir; =0 asj— 0. (4.6)

Proof. The first inequality in (4.4) follows from the fact that for any (¢, ), (s,y) €
Q% with t > s, we have (s,y) € Q,(t,r) N {t > —1}, where r = max(|z — y|, [t —
s|1/7). See, for instance, Claim 3.2 of [23]. For the second inequality, if r < 2~ (*s+1),
for any (¢,z) € Q%1 we have Q,.(t,z) C Q¥+ and

p—(a=a’) [Uj]1+a'/o,a’+0;Qr(ta$)m{t>_1}

S 207 [ujh+06/l7,06+0;ij+l § 497 [uj]lJra/o',aJra;ij’
where the last inequality is due to the choice of k;. On the other hand, if r >

2-k+D) for any (t,z) € Q%

p—(a—a )[’LL]']1+a’/g,a’+0;Qr(t71)m{t>_1}
k; —a -
S 2( i+ (a—a )[’U,j]1+a’/a',a/+0'§(*170)XRd S ga—a [Uj]1+a/0'7a+0';ija

where the last inequality follows from (4.3). Thus, we obtain the second inequality
in (4.4).

Due to (4.4), we can find (tj,2;) € Q% and r; such that (4.5) is satisfied and
thus by (4.3),
/ 2[“j]1+a'/a7a'+o;62rj(tj,a;j)m{t>—1}

kj,. \a—«a
(2 3']'1]) S 27kj(a70‘/)[’u,j]

—0 asj— oo,
1+o¢/a,o¢+o’;Qki

which further implies (4.6). The lemma is proved. O

Let T; be the Taylor expansion of u; at X; = (¢j,;) of order v = [0 + o] in z
and 1 in £. Now we consider the blow-up sequence

(t.2) u;(t; + rit,z; + rjz) — Ti(t; + rit,x; + rix)
vi(l,T) = ¥ .
T? a[uj]l-i-a/o,a-‘ra;ij

Here (tj,z;) and r; are from Lemma 4.2. Note that v; is well defined on
(—R7,0) x R?, where by Lemma 4.2,

R; = 2*(’”“)7"]-_1 — 00 as j — oo.
Observe that from (4.5) and (4.6), for sufficiently large j such that r; < 2=+

o‘+o/
5T wilivar fo.ar 0100, (2 2))
[Uj]1+04,/070¢/+0§Q1 = g+a[ ]
Ty Uy 4a/o,ata;QM

> 1/2. (4.7)
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Lemma 4.3. For any R >0 and 8 € [0,0 + o], we have
[vilg/o.8:@rnt>—Rs} < CR7te P, (4.8)

where C' depends only on « and o'. Moreover, for any 0 < R < R; and B €
[0,0 + a], we have

[v518/0,5:0n < CR7T*P, (4.9)

where C' depends only on o and o . Thus, we can find v € C'T/7o+(RITLY sych
that v satisfies (4.9) for any R > 0 and B € [0,0 + o], and along a subsequence
v; — v in C1FB/7948 Jocally uniformly for any B € [0,0 + «).

We remark that (4.8) will be used below to prove that v satisfies Condition (%)
in Theorem 3.1, and (4.9) will be used to show that v satisfies Condition (7).

Proof of Lemma 4.3. For any R > 0 and § € [0,0 + ¢/],

[Uj]ﬁ/o'vﬁ;QRn{t>—R?}

[uj (tj + 77 w5 +r5) = Tt + 7725+ 15°)]/0,8:Qrn{t>—R7)
o+a
7 [uj]lJra/cr,aJra;ij

r

8
75w = Tilg/0.8:Qrn, (40N {t>—1}

— o+a .
T [uﬂ}1+a/o,a+0;Qk"

5 -
T (Rri) 7+ “Plujhitar fo.0+0:Qne, (100 {t>—1)

— ot+a .
Tj [uJ]l-Hx/a,oH—a;ij

< CRTP,

where we used (4.4) in the last inequality.
For any R < Rj, by the choice of k; we have

[uj (tj + T;'T'a Zj+ Tj')]l-i—a/ma-i—o;QR
T

[Uj]1+(l/¢770¢+0'§QR =

ota

J [uj]lJra/c,aJra;Qkf

[Uj]l-',-a/a,a-&-o;QRrj (t5,m5) [uj]1+a/g7a+g';ij+l ga—a’

[uj]1+a/a',a+a;QkJ [uj]1+a/0»06+0§@kj

Using the interpolation inequality, we reach (4.9). The last statement of the lemma
follows from the Arzela-Ascoli theorem and the Cauchy diagonal method. O

Lemma 4.4. The function v in Lemma 4.3 satisfies the conditions in Theorem
3.1.

Proof. By Lemma 4.3, Condition (%) is satisfied. Next we verify Condition (z3¢) for
€ (1,2). For any measure p with compact support and ¢ € (0,1), we define

(t,z) —v;(t,z — 0h)
§

Vj(t,x):/Rdvj(t,x-i-h)—vj(t,x)—Uj du(h).
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Since T} is linear in ¢, from the definition of v;, we have

-
T

0 V(t,z) =
t J( 737) [uj}1+oé/g"oé+g;ij

. / [&uj(tj +rit, oy +rj(x+h)) = Oty +rit, x5 +1j7)
Rd

 Owu(ty + it x4 ) — at;j (t; + 77t 2; +rj(z — Sh)) du(h),

which is equal to

o
; {/)&uﬂw+w§u%+wﬂx+hDdNM)
[uj}l—&-oz/a,a—&-a';ij R4
Osu;i(t; +rit,x; +r;(x — 6h
+/ ;i (1 rit, X ri(x ) d(h)
Rd

0

— (L +1/8)||pllz, Opuy(t; + 1t x5 + 7). (4.10)

For any a € Aj, define K,(y) = T?Jr”Ka(rjy), which satisfies

A . A
e S Kaly) < :
y|dte y|d+o

and L, be the corresponding operator with kernel K,.
Clearly,
. R La(vj(t,z) — v;(t,x — 6h
£y = [ [Laloy(tn b = vy(t2)) - D b2 2N g
Rd

r;
[u] j k /Rd{(Lauj)(tj+r?t’xj+rjx+rjh)
H4a/o,a+0;Q%
— (Lquj)(t; + rit, z; + rjz)
(Lauj)(tj + T?t,l’j + rjx) — (Lauj)(tj + T’;t, T; + Tj(f —0h)) } du(h)
. .

where in the second equality, we used the definitions of La, v; and the fact that
since T} is at most second-order in x variable, for 0 > 1 and any y € R¢

0T;(t,x + h,y) — 6T;(t, z,y) = 0.

Therefore, for any (t,z) € (—R7,0) x R4,

. r;®
sup La(Vj) = J sup { / ((Lau]')(tj + ’I“?t,l‘j +rjx+ Tjh)
a€A; [uj]Ha/g,aJrg;Q’“j ac€A; Rd
Lou;)(t; +r9t,x; +1r;(x — 6h 1
Bty O 20705 2 2O sy — (14 1) 1y + 10, )
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—x

T.
- [l 4 /J +0;Qkd weh {/Rd(Lauj)(tj Frite gz th)
ajfo,a+0;Q77 J ’

S

+ falty +rirz; 4+ rjz +rih) + < ((Lawy) (t; + rit, x5 + rj(x — 6h))
+ falty +rit,a; +ri(x — 6h))) du(h)

1 o (on
= (1 + ) (Lawj)(t; +rit,zj +rjz) + fa(ty + 17t 25 +rz) - 1L,

1)
_ /d (fa(t]’ + ’I“?t,.fj +rjx + ’I“jh) — fa(tj + ’I“?t,x]‘ + 7“]‘33‘)
R

Ul o vy — 0R) = fulty + 18,5 4+ r5)) du(h) )

Note that for sufficiently large j such that max((—t)/?, |z| + |h|) < R; whenever
h € suppu, we have
\falty + 77t @5 +rjw +rih) = fa(ty + 77t 25 + 752)| < [falaso.mqiIrihl®
|fa(tj + T;-Tt, i+ Tj(x - 5h)) - fa(tj + T?tvxj + zj)| < [fa]a/177a;Q1 |5Tjh|a'
Therefore, by the inequality
sup{f +g—h} >inf f +inf g — inf h,
we have that for (t,2) € R&™ and h € supp p so that max((—t)'/, |z|+ |h]) < R;
sup Lq(V;)(t, x)
aE.Aj

r.
> J [ inf (Lauj)(tj +rit,x; +rjx +15h)
[u]‘h_,'_a/a’a_,'_o;ij a€A; JRd

+ fo(t; + rIT, T+ rir + rih) du(h)

. 1 -
+ inf /Rd 5 ((Lauj)(tj +rita; +ri(z - oh))

+ falty + 17t 2 + (- 5h))) dp(h)
541 .
=~ Mulley inf[(Lawy) (85 + 17t @5 + 7z )+fa(tj + itz + ;T
— (1—1—(5“_1) a sup [fa] Oé/cwé@l/ |h|® du(h (4.11)
a€Aj

Since each u; satisfies

Owuj = inf (Lauj+ fa) inQu, (4.12)

it follows from (4.10) and (4.11) that in any bounded subset of RZ™, for sufficiently
large j,

> 14627t N
0;Vj — sup LoV < sup [fala/o,a Ih\ du(h (4.13)
acA; [ ]1+a/0 a+to;QFi aEA;
We denote

du(h).

vihe) = /Rd [v(tvm +h)—v(t,z)— U(t,x) _ ’Ua(tﬁ;‘ — 6h)]
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For fixed (t,z) € R&™ by (4.8) in Lemma 4.3 and using the fact that y has compact
support, we have

lim 0,V (t, ) = 0 lim V; (¢, z) = 0,V (¢, x), (4.14)
J j
for |y| <1,
0V;(t, 2, y)| < Cly|”™, 6V (¢t z,y)| < Cly|”™, (4.15)
and for |y| > 1,
Vi (&, 9)] [V (5 y)] < Cly|*, (4.16)

where C' depends on p. Clearly,
sup |La(V; = V)(t,2)| < C/Rd 6(V; = V)(t,,9)|ly| =4 dy.
acAj

It follows from Lemma 4.3 that 6(V; — V) — 0 locally uniformly. Therefore, by
(4.15), (4.16), and the dominated convergence theorem, we have

lim sup |(La(V; = V)(t,2)] =0,

J a€A;
ie.,
lim sup L,V;(t,z) = sup L,V (t,z). (4.17)
J acAy a€Ay

Since p has compact support, by Lemma 4.2 and (4.3), we have R; — oo and

i1 vojoato@ts = 27T g ot = OO
For fixed § € (0,1), we send j to infinity to get from (4.13), (4.14), and (4.17) that
OV - MV <0 inRITL

By sending § to 0 and using the dominated convergence theorem, we conclude that
/ (vt + h) — o(t, z) — KT Dot ) du(h)
Rd

is a subsolution as well. Therefore, for ¢ > 1, v satisfies Condition (7).
It remains to verify that v satisfies Condition (i7). Clearly, for fixed (¢, z), (s, h) €
Rg“, when j is sufficiently large,
— -1
O (vj(t+ s,z +h) —v;(t,x)) =1, [uj]1+a/a7a+a;ij
. (atuj(tj + T}’(t +5),z;+rj(x+h)) — Owu;(t; + r7t, T+ rjx)). (4.18)
On the other hand,
— —a -1
M (’Uj (t + s,z + h) — Vj (t7 1‘)) = Tj [uj]l+a/cr,a+cr;ij
M (uy(t; + 75 (E+ ), x5 +1j(x + b)) —uy(t; + 7t x5 4+ r52)). (4.19)
Combining (4.12), (4.18), and (4.19), we obtain that for j sufficiently large,
O (vj(t+ s,z 4+ h) —v;(t,x)) — M~ (v;(t + s,z + h) — vj(t,z))
—1
> _[uj]l—i-a/o,u—i-a;ij Sgp[fa]a/o,a;Ql'

By sending j to infinity, we get for any (t,2) € R4,
O (v(t+ s,z +h)—v(t,z)) = M (v(t+ s,z +h) —v(t,z)) > 0.
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Similarly,
Oh(v(t+s,x+h)—v(t,z)) — M (v(t+s,z+h)—v(t,z)) <O0.

The lemma is proved. ([l
Now we are ready to finish

Proof of Theorem 4.1. By Lemma 4.4 and Theorem 3.1, v is a polynomial of order
vin z and 1 in ¢. Since at the origin v; along with its first derivative in ¢ and up to
v-th order derivatives in = are 0, by Lemma 4.3 the same is true for v. Therefore,
v = 0. This gives us a contradiction with (4.7) and Lemma 4.3. The proof is
completed. O

4.2. Equations with (¢,z)-dependent kernels. In this subsection, we consider
the case that kernels also depend on (¢, 2) and Holder continuous in (¢, ), i.e., there
exists A > 0 such that for any a € A, (1.4) is satisfied. We only prove Theorem
1.1 in the case when o 4+ a > 2 and the proof of the cases 0 + o < 2 is similar and
actually simpler. We divide the proof into several steps.

Let 1 be a nonnegative smooth cutoff function with 7 = 1 in ¢ and vanishes
outside (—(5/4)7, (5/4)7) x Bs4. Set v :=nu € C1+*/?:4+7 and note that in Q1,

vy = Nup + Neu = igg(nLau + 0 fa 4+ neu)
(Lav + hu + nfa + ntu)

inf
acA
= inf ( ov(t, =, y)Kq(0,0,y) dy + go + ha +nfa + WL),
acA Rd

where
he = nLqu — Lav

= /Rd ((n(t,z) = n(t,z +y))ult,z +y) +y" Dn(t, x)u(t, z)) Ko(t, z,y) dy

and

ga= | Sv(t,x,y)(Kal(t,z,y) — Ka(0,0,9)) dy.
]Rd

Here in order to apply the argument of freezing the coefficients, we subtracted and
added K,(0,0,y) in the formula above.

Lemma 4.5. Assume that u € C1F/70%(Qy, ) N CY/7%((—(11/8)7,0) x RY).

Let hy and g, be functions defined above. Then for any o € A, we have
[ga]a/a,a;Ql < CA([U]1+a/o,a+a + [U}a/o,a)a (420)
[halajo.a:0r < CIA+ 1) (Iullajosai—1/8)7.0)xke + 1D*ullL_(@u1 ) (421)

Proof. For (t,x),(t',z') € Q1, set | = max(|x — /|, |t — ¢'|7). Without loss of
generality, we may assume that [ < 1/4.
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Estimates of g,: From the definition and the triangle inequality,
|ga(t7 Z‘) - ga(t/v 33/)|

= ’ y dvu(t, z,y) (Ka(t,m, y) — Ka(0,0,y)) dy

- su(t', o', y) (Ka(t',2',y) — Ka(0,0,y)) dy‘

< ’/ (du(t,x,y) — dv(t', 2", y)) (Ka(t, z,y) — Ka(0,0,y)) dy’
Rd

+ ’ vt 2’ y) (Ka(t, z,y) — Ka(t',x’,y)) dy‘
Rd
=:1+1II

Then we estimate I and II separately. First, similar to (3.8), I is less than

/B (5v(t, z,y) — vt o, y)) (Ka(t7 x,y) — K4(0,0, y)) ' dy

“
R\ By

Applying (3.6), we have

(6U(t,$,y) - 6U(tlvxlay)) (Ka(taxvy) - Ka<0a07y))‘ dy = Il + I2-

I1 S C[v]1+a/o’,a+a;Q5/4 /; la+g_2‘y|2(Ka(tax7 y) - Ka(0707y)) dy
l

< AC[1ramaral™ 2 (|2 + /%) /B ly[2ly| 4= dy
1
= CAla[U]l+a/0‘,a+a'~

For I, we have

I2 S C[vh-‘ra/o’,a-‘rol/d |y‘a+a71|Ka(taxay) - Ka(0707y)| dy
R !

< CA[U]lJra/J,aJrala(‘xla + |t|a/a) < CAla['U]lJra/J,aJrcr-

Next, we bound
II < /d\ ([Wasoalyl™ + 1DVl |y]) | Kalt, 2, y) — Ko(t', 2" )| dy
R4\ By

b [ 1Dl P Kt .9) - Kt ') dy
By
< CAZ&([U]a/U,a + ||DU||OO + ||D2U||Loo)'
Combining the estimates of I, I, and the interpolation inequality, we get

‘ga(tvm) - ga(t/»x/” < CAZQ([vh—&-a/a,a—&-o + [U]a/a,a)v

so we obtain (4.20).
Estimates of h,: For simplicity of notation, we denote

E(t,x,y) = (nt,x) =tz +y))ult,z +y) +y" Dn(t, z)u(t, z). (4.22)
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By the Leibniz rule, we have

Etary) =" / (Dn(t, 2)ult,z) — Dy(t,z + sy)ult,z + 1)) ds

// tmsyTDn(tac+ssy)

+y" Dn(t,x + sy)y” Du(t,z + s'y)) ds’ ds, (4.23)
which implies that when |y| < 1/8,

€t 29| < ClyP ([l Lo @uay0) T I1PU Loc (@11 0))- (4.24)

On the other hand, clearly when |y| > 1/8,
€t 2,9 < Cllull L (—1.0yxre) + [¥lllull Lo @1))- (4.25)

Note that
hatt.) = ot < [ Je(tan) = €' 0) [ Kot dy

+ /Rd (2" y) || Ka(t, @,y) — Ka(t', 2, y)| dy = TIT+ V. (4.26)

Estimate of IIT: By (4.23) when |y| < 1/8, we have
[t 2, y) = £(F, 2 y)\

/ / t', 2"y  D*n(t', 2" + ss'y)y — u(t, 2)y" D*n(t,x + ss'y)y) dzds’

+/ / yTDn(t’,x’ +sy)y” Du(t', 2" + 5'y)
o Jo
—yTDn(t, z + sy)y” Du(t,z + s'y)} dsds’
< Ol ([Wajo,as0n + lullrw@n) + CluPLID*ull L@y )e) + DUl Lo (@1a )

< ClyP1 (Il i) + 1% Ul (@11 0))

where we used the interpolation inequalities in the last inequality. On the other
hand, when |y| > 1/8,

’yTDn(Lw)u(t,x) — yTDn(t',x’)u(t',x’)| < |yl ulla/o,a;0
and
[(n(t,x) = n(t, =+ y)ult,z +y) — (', 2") =0t 2"+ y))ut', 2" +y)|
= Ju(t,x +y) (n(t,z) = n(t',2") =0tz +y) + 0’2" +y))
+ (', 2"y =t 2" +y)) (ult,z +y) —u(t',2" +y))|
S CUlulln o ((=1,00xr) F 1]l a)o,a;(—1,0) xR )5
which imply that when |y| > 1/8,
|&(t,2,y) — £t ', y)|
< C(Uullz o (-1,0)xrey + 1 tllaso.ai(-1.0)xRe) + Clyll®l|ullaso,mq-
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Now with the above estimates, we obtain

III < ; ClyP1® (1ull Lo (@ujs) T 1D* Ul 1oc (@11 0)) Ka(ts 2, y) dy
1/8

+Cla”u”o¢/0,a;Q1 / |y|Ka(ta$ay) dy
1/8

+ C(llluHLm((fl,O)de) + 1 ||uHa/J,a;(71,O)><]Rd) / Ka(t7 z, y) dy

Bis

< ClI*(ID*ull @1y s6) + Nullaso,ai(—(11/8)7 ,0) xR -
Estimate of IV: By (4.24) and (4.25), we have
IV < Cl*A([lull oo (- 11/8)7,0) xe) + 1 DUl L (@11 /0))-

The estimates of IIT and IV with the interpolation inequalities give (4.21). The
lemma is proved. (|

Proof of Theorem 1.1. We apply Theorem 4.1 to v with the estimates of g, and h,
in Lemma 4.5 to obtain

Wita/o.0t0:Q1/s < C([U]1+a//o,a'+o + Allita/o,at0 + AlVla/oa
+ (A+ D(ullajoas—a1/s)7.0xre + 1D?ull Lo @1y 6)) + Slip[ﬁfa]a/o,a;czl)
Since 7 = 1 in @1 and has compact support in (—(5/4)7,(5/4)7) x Bs,4, we get
[ul1+a/oat0:Qi/2 < C([U]1+a'/a,a/+a;c25/4 + Co + Aluli+a/0,0+01Qs5 /4
+ (A+ D(ulla/oas—a1/s)7.0xrs + 1Dl @1y 6)))- (4.27)

Now we use a scaling argument. For any € > 0, set 4(t,z) := 77

u satisfies (1.5), we have

u(et,ex). Since

ﬁt(tvm) = lnf{ 5ﬁ(t,x,y)KZ(t,x7y) dy+fa(50t75x)} in Ql/sv
R4

a

where
KZ(t7 Z, y) = 5d+ﬂKa<€at, Ex, Ey)
Clearly,

A
|y|dto

K5 (t,w,y) — Ko (2, y)| < Ae®(|lo — 2'|* + |t — ¢']*7)
Then we apply (4.27) to @ and get

[a]1+a/0,a+U;Q1/2 < C([/&’]1+a’/d,a+0;Q5/4 + CVOEO‘ + Ae® [a]1+a/a,a+0;Q5/4

+ (Ae® + 1) ([ltllajoas(-11/8)7,0) xR + ID* UL (@11 ,8)))-

Returning back to u, we have
[Wita/o.ota:Q.. < C(Ea “Uitar /o0 1035 s T Co A U1 a/0,0403Q50 4

+ (Ae® + 1) (77" tll o (— (112 /8)7 0y x A + e“*”‘IIDQUIILW(QHEM))~
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By a translation of the coordinates, the inequality above holds for any (t,z) € Q1
for sufficiently small € > 0

[u]1+a/0'70'+a;Q5/2(t7x)
< C(Ea _a[u]1+a’/a,a’+J;Q55/4(tvz) + Co + Ac® [u]1+a/0’a+g;Q55/4(t’m)

+ (Ae® + 1) (77" ulla/o,as(t—(11/8)7 1) xR + 527070"|D2U||Loo(Qns/s(tvx)))>'
(4.28)

Let QF be defined in (4.1). It is obvious that Q* monotonically increases to Q.
Then for any (t, ), (s,y) € Q¥ such that t > s, we set | := max(|t — s|'/7, |z — y]).
When [ > ¢/2,

|[D2ult, 2) = D2uls,y)| | |uelt, 2) = ue(s,y)|
la+a72 la+o¢72

<27 e (ue L@y + 1Dl L @)
when | < /2,

|D?u(t,x) — D?u(s,y)| | |u(t, =) — w(s,y)|
Jo+a—2 + lo+a—2 S 2[“}1+o¢/0,a+a;Q5/2(t,I)~

Now we choose ¢ = 27%72 so that for any (t,z) € QF, Qr1/8(t, ) C QF+! and
(t — (11/8)7,t) C (—1,0). Combining the two inequalities above with (4.28), we
obtain

(49024 a1, uy + D%l )

[u]lJra/a,aJrU;Qk <2
+ 0(2(k+2)(a_a/)[U]1+a’/070¢’+0;Q’“+1 +Co+ 2_(k+2)aA[u]1+a/0,a+U;Q’“+1
+ (27D y 4 1)(2(k+2)(0+a) lulla/a,a5—1,0) x4
4 o(k+2)(0+a—2) HD2U||LOO(Q’°+1))>' (4.29)
By the interpolation inequalities
[u]1+a’/o,a’+0;Q’“+1 < 2_2(16—"_2)(&_0/)[u]lJroz/tT,athr;Q’€+1 + 022(k+2)(0+a/)”u”L007
I1D%ullL ey + llwell o (@rey
< 9 2(k+1) (o +a=2) (U] 1 forsaorii ot + CQ4(k+1)H“HLw(Qk+1)7
we reorganize the right-hand side of (4.29) to get

(W amarage < C((2-EHEHa=D 4 p-2(a-a)

1+a/o,a+0;QF 1
+ 25k(0+a) ||uHa/cr,a;(71,O)><Rd + 00)7

where C depends on A. Obviously, 0+« < 3 and there exists a constant kg depends
on d,o,a, A\, A, and A such that Qy/, C Q%0 and for any k > ko,

C(27(k+1)(0+a72) +272(k+1)(a7a')) < 2716'
Therefore, we have for any k > ko,

[uh—&-a/a,a-‘ro;Q’“ < 2716['“}1-&-(1/0,&-&-0;(2’”1 + C215k”u|‘a/a,a + CCO
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We multiply both sides above by 2716(k=k0) and then sum from k = ko to infinity
and obtain that

[u]lJra/a,aJra;QkO < C215k0HuHa/U,a;(fl,O)de + C1C’0

In particular,
[u]1+a/a,a+0;Q1/2 < C(HUHQ/O’,Q;(fl,O)XRd + Co).
The proof is completed. U

4.3. An improved estimate. By a more careful analysis, we obtain the following
corollary when the kernels depend only on y.

Corollary 4.6. Let o € (0,2) and 0 < A < A. Assume that for anya € A, K, only
depends on y. There is a constant & € (0,1) depending on d, o, A, and A so that the
following holds. Let o € (0,6). Suppose u € C1He/7o+a(Q)NC*/ 7 ((—1,0) x RY)
s a solution of

wp = éga(Lau + fo) in Q1.
Then,

[u]1+a/o a+0,Q1/2

< Cllullayo,as(=1,0)x By + CZ 277 (U] a/o,a:(~1,0)x (B +1\B,;) T CCo,  (4.30)
j=1

where Co = sup,[fala/e,0:Q, -
Proof. Since the proof is quite similar to the proof of Theorem 1.1, we only provide
a sketch here. By a standard scaling and covering argument, we may assume that
u € CMHe/o0+a(Qy) N O/ 79 ((—2,0) x RY) and the equation is satisfied in Q. Let
n be a cutoff function such that n € C§°((—-27,27) x B) and n = 1 in Q5/4. Let
v = nu, which satisfies

v = inf(Lav + ha +nfa + mu),

ha = /]Rd g(t7x7y)Ka(y) dy

and ¢ is defined in (4.22). It is sufficient to estimate [h4]a/o,a;q,- Since K, only
depends on y, it follows that

|ha(t,z) — ha(t',2")] =111,

where

where IIT is defined in (4.26). The estimate is similar to the one in the proof of
Lemma 4.5. For any (¢, z), (t',2') € Q1, since n = 1in Q5,4, Dn(t,x) = Dn(t',2") =
0. When |y| <1/4, £(t,x,y) = 0; When |y| > 1/4, we have
|&(t, @ y) —5(15’ 'y
= | (n( n(t,z +y)ult,z +y) +y" Dit, z)u(t, x)
- ( ) ('@’ +y)u(t', 2" +y) +y" Dy(t', 2" )u(t’', )]
< |n(ta + yult,z +y) —n(t' 2’ + y)ult’ 2’ +y)| + [ult,z +y) —ult’,2" +y)|.
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Therefore,
= [ felta) € )| Kaly) dy
B4
< Cla”””a/o‘,a;(—l,O)XB2 + / |’U,(t, x + y) - u(tl7x/ + y)|Ka(y) dy
1/4
< Cl[ullayo,a:(~1,00xB, + Z / ult,x +y) —u(t',2’ +y)|Ka(y) dy
j=—1 2J\Bzﬂ 1

< Cla”u”a/ma;(—LO)XBz +Cl° Z 27”[“]06/0»04;(—170)X32j+1

j=—1
<Cla(\\u||a/aa( 1o)x32+22 97 [ula/o,a:(=1,0) % (Byy \ By, 1))
Jj=1

which implies that

[ha]a/ma;éh < O(”“Htx/o,m(fl,o)sz ZQ 7o a/U a;(—1,0) X (By; \ Byj— 1))
Then we apply Theorem 1.1 to v and obtaln

[Ul1a/oota@rs < C(I0llaoa-1.0xms + [elaoas-1.0x5,

+22 T[] (1,00 % (Byy \ By - 1)+Co)

Combining the fact that 7 = 1 in Q5/4, we reach (4.30). Therefore, the proof is
completed. 0O

5. EQUATIONS WITH BOUNDED INHOMOGENEOUS TERMS

In this section, we present an application of Corollary 4.6 to nonlocal parabolic
equations with merely bounded nonhomogeneous terms:

up = ggi(Lau + fa), (5.1)
where sup, || follL., < oo and
Lou(w) = [ du(t,z,y)Ka(y) dy.
R
Before proving Theorem 1.2, we first show an interpolation inequality involving the
Zygmund semi-norm.
Lemma 5.1. Let a € (0,1) and u € A'((—=1,0)) N Loo((—1,0)). Then we have
u € C*(—1,0)) and
[U]az(—1,0) < CllullL (1,0 + Clular((—1,0))s (5.2)
where C' depends only on «.
Proof. By mollification, it suffices to prove (5.2) assuming that u € C*((—1,0)).
Let z,y € (=1,0), y < x, and h:= 2 —y. When h > 1/3,

u(z) — u(y)]

ho < 2-3%|ull L ((-1,0))-
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When h < 1/3, either z < —1/3 or y > —2/3. If x < —1/3, then 22 — y € (,0)
and
u(@) —u@)] 1 |ue —y) +uly) = 2u(@)] | 1|uz—y) - u(y)|
he -2 he 2 ho

3o-t 1
9 [u]ar((~1,0)) + 217_06[U]o¢;(—1,0)-

<

The case when y > —2/3 is similar. Therefore,
1 30{—1
[Was(-1,0) 2 3% ull o100 + =z [Was(-1,0) + —5—[ular-1,0);

which yields (5.2). O

In the lemma below, we prove that the Zygmund norm of the odd extension of a
function is bounded by its original Zygmund norm. It is well known that the same
result holds if we replace the Zygmund norm by any Holder norm.

Lemma 5.2. Assume that u € A'((—o0,0]) and u(0) = 0. Let @ be the odd
extension of u. Then
[@]ar(m) < 3[ular((—00,0))-
Proof. By the definition, we need to estimate
h~Ha(z + h) + a(z — h) — 2a(z)], (5.3)

where h > 0. Clearly, when = + h,z,z — h € (—00,0), or  + h,z — h,z € (0,00),
(5.3) is bounded by [u]a1(—o0,0y- Since @ is the odd extension of u, when z = 0
a(h) + a(—h) = 0. It remains to consider the case that these x + h > 0 and
z,t—h<0,orx+ h,z >0 and x — h < 0. Without loss of generality, we assume
that x + h > 0 and x,z — h < 0, which implies = € (—h,0). Then

t(x + h) + a(x — h) — 2a(z) = —u(—z — h) + u(z — h) — 2u(x)
= (u(—z — h) +u(z — h) — 2u(—h)) — 2(u(—x — h) +u(z) — 2u(—h/2))
+ 2(u(—=h) + u(0) — 2u(—h/2))
< [ular(—oc,0) (2] + 2]z 4 h/2| + 2[R /2[) < 3[u]pr(—o0,0)h-
Therefore, the lemma is proved. O

Let 7 be a smooth even function in R with unit integral and vanishing outside
(=1,1). For R > 0, we define the mollification of u with respect to t as

uB(t, x) = / u(t+s,2)R™°n(sR™7)ds.
R

The following lemmas will also be used in our proof.

Lemma 5.3. Let 0 € (1,2), o € (0,1), and R > 0 be constants. Assume that u
defined on R is C in x, A in t, and Du is C=V/7 int. Let p = p(t,x) be
the first-order Taylor expansion of v at the origin. Then for any integer j > 0,
we have

['Ll, - p]a;(fR”,O)XBN-R

< C(PR)“[u] + C2<1_a)jRU_“[Du]Z%1 + C277RT ), (5.4)
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and
[ = Pl joi(—Ro0)x By, < C2 P RE= [y + CV TR Dul, s

+ 0/ RI= ] (5.5)
where C' > 0 is a constant depending only on d, o, and a.

Proof. We first estimate the Holder semi-norm in z. By the interpolation inequality,

[u — P]Z;(fRa,o)szjR

< (R)u—plloe(rm0yxy ) + TR Tu = Pli_proyen, - (5:6)

2R’
Because p is linear,
[u — P]Z;(va,o)xBQjR = [u];;(va,o)xBQj# (5.7)
Since 7 is even with unit integral, by Lemma 5.2 we have
u(t,x) — u (¢, )|

— ‘ /R (u(t +s,1) ‘5 u(t — s, ) — u(t, J;))R*UU(SR*”) ds| < CR[ul:. (5.8)

Furthermore, for any (¢,z) € (—R?,0) X Byjg,
|u B (t,2) — p(t,z)| = [uD(t,2) — u(0,0) — u(0,0)t — z" Du™(0,0)|
< ’u(R)(t,x) —u®(t,0) — 2T Du® (t,0)]
+ [u®(t,0) — uP(0,0) — '™ (0,0)t] + |27 Du™(0,0) — 2T DuP (¢, 0)|
j o * o i DO t
< @RI + B, ey, + PR DU

Integrating by part and noting that n” is an even function and [ 7" = 0, we obtain

0Ful™] = | [ Obut + s.0)Ron(sR ") ds|
R

| /R (U(t e ;U(t = 2)) R (sR™7) ds| < CR [ul}.

Therefore, combining the two inequalities above, we have

[u®® _pHLm((fRU,O)xBZjR) < C(2R)7[u]; + CQjRU[DU]tv%l + CR[ufj,

which together with (5.8) implies that

[ = Pll L ((~B7 0)x By 1)
< C(2R)?[u]i + C2Y R7[Du)l,_y + COR [u]}.. (5.9)

We plug (5.7) and (5.9) in (5.6) and get (5.4).
Next we estimate the Holder semi-norm in t. Obviously,

[u— p}fx/ag(fR",O)XszR <[u-— p]ta/o';(fﬂ"/QR“,O)XB

2R
From Lemma 5.1 and scaling, we have
t
[u— p](x/a;(—Zj”/QR",O)XBQjR

< C(2PR)™|lu = pllp_ (~2ie/2R 0)x B
< C@PR)™|u— Plloo((—2i7/2R 0)x B

) ORI = plfs
) =+ O(2j/2R)Jia[U]f\1.

2J R
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We follow (5.9) to estimate

flu — pHLoo((—2-7'”/2R",0)><szR)

<lu— U(R)||L°C((72jﬁ/2Rv,o)xB2jR) + ||U(R) - p||Loo((f2ja/2Rato)szjR)

< CR[ul\s + C(27R)"[u]} + C27° R7[u]ly + C2/"TV/2R7[Du]!,_, .
Therefore, we reach (5.5). The lemma is proved. O

In the sequel, we set

[u]i\l = [u]j\l(Rg+l)7 [u]:' = [U]Z;RSJH’ and [Du]tf’;l =: [Du]t“;l;RSPrl'

o

Define Py to be the set of first-order polynomials of ¢, and P; to be the set of
first-order polynomials of ¢, z.

Lemma 5.4. (i) When o € (0,1), we have

[upr + [u]; < Csup  sup  +77 inf [ju—pllr (@ ()
>0 (tym)eRngl PEPo

where C' > 0 is a constant depending only on d and o.

(i) When o € (1,2), we have

[uys + [u]} + [Dul, s <Csup  sup  r~7 inf [lu—pllr (@, @t0))
[ r>0 (t,w)E]RSHl pEP

where C' > 0 is a constant depending only on d and o.

Proof. The estimates of [u]: and [Du],,_, are standard. See, for instance, [18,

Section 3.3]. We only consider [u]},. Foraany polynomial p which is linear in ¢, by
the triangle inequality,

|u(t +s,2) + u(t — s,x) — 2u(t, z)|
= |u(t+s,2) —p(t+ s,@) + ut — s,2) — p(t — s,x) — 2(u(t, ) — p(t,z))|
<Aflu = pllL (@ (t+s.))
where r? = 2s. Since p is arbitrary, the inequality above implies that
|u(t +s,2) +ult —s,x) — 2u(t, :L')| < 8sr~ 7 ir;f 1 =Dl Lo (@) (t45,2))-
The lemma is proved. O

Proof of Theorem 1.2. We only treat the case when ¢ > 1. For the case when
o < 1, the proof is almost the same with minor modifications.
We extend u to {¢t > 0} by defining

u(t,z) = 2u(0,z) —u(—t,xz) fort >0
By Lemma 5.2,
[uf 1 a1y < Clulpa

Let & be the constant in Corollary 4.6 and « € (0,&). Let R > 0 be a constant
and p be defined as in Lemma 5.3. Let K > 2|lu — p||1__(q,,) be a constant to be

specified later and denote g = max (min(u -p, K), —K). Clearly, gx € C/7e
and any C*/%® norm (or semi-norm) of g is less than or equal to that of u — p.
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Let vi be the solution to

8th = infa(LavK) in Q2R;
" L cnn (5.10)
VK = JK 1n RO \QQR.

The solvability follows from Theorem 1.1 and a regularization argument; see [2, 23].
We apply Corollary 4.6 to vk with a scaling to get

['UK]1+a/o,a+a;QR/2

< C(R_a_OHUK||Loo((fR°‘,0)><BgR) + R [VK]a/o.0;(— R 0)x Bar
+ i 2_jUR_U[UK]Q/U.,&;(fR",O)><(B2jR\BQj,1R)>
j=2
< C(R_a_g||UK||LOO((—RU,O)><BQR) + R 7[vK]a/o.0:(~ R7,0)x B
+ i 277°R[u— p]a/o,a;(—Rf’,O)x(BQjR\BQj_lR)>' (5.11)
=2

where in the last equality we used the fact that vg = gx in (—(2R)7,0) x BS, and
the Holder norm of gk is less than the Holder norm of u — p.
By Lemma 5.3,

[u — p}a/a,a;(—R",O)szjR < CQj(U*a/z)Rgfo‘[u]'j\l
+ 0D RI Ay 4 00 FIm) /2R Dyt (5.12)
which together with (5.11) gives
[UK]1+a/a',o¢+U;QR/2
< C(R™NK| Lo (~Ro,0)x Bar) + BT [0K]a/o.0(~Ro 0)x Bar
+ R™[ufjy + R™[ul; + R™*[Du]-r). (5.13)

Next we estimate wg := gk — vk, which is equal to u — p — vk in Q25 by the
choice of K. By (5.1) and (5.10), wx satisfies

Ohwxg < MTwg + hg + SUP,ecA | fallzo in Q2r,
Owrg > M~ wi + hix —supge 4 || fall Lo in Q2r,
U)K:O in Rg+1\Q2R,

where
hi = M*(u—p—gK), hg =M (u—p-gK)
By the dominated convergence theorem, it is not hard to see that

1Kl Lo (@ar) MKl Lo (@er) =0 as K — o0
We then fix K large enough so that

IAK L (@ar) + MK Lo (Qar) < sup [ fallL.. -
acA

From Lemma 2.5, we have

kLo (@on) < CR? sup [fallLw,  [WKla/o,a;00n < CRT™ sup [ fallL, (5.14)
ac ac

where C' depends on d, g, A, and A.
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Now let qx be the first-order Taylor expansion of vi at the origin. Then by
(5.13), for any r € (0, R/2),
lu—=p—axllie@,) < llu—p—vkli.@) + vk —axllLo@n
< lu=p—vrllie@n + Cr/R)7vkllLo(~ R 0)x Bar))
+Cr7 R vk a/o,ai(—R7.0)x Bar) + CT7 T R ([uljn + [u]y + [Dulo_y).

o

(5.15)

Since v = u — p+ wg in Q2r, we plug (5.9) and (5.12) with 7 =0, and (5.14) to
(5.15) and obtain

v =p = dr @) < CR? P I fallzoe + Cro* R ([uljs + [u]; + [Dues ).
ac

o

Dividing both sides of the inequality above by 77, we have

v —p—axllL.q,
< C(R/r)? sup [ fallLoe + C(r/R)* ([ulhs + [ul}; + [Du]’ 1 ).

o

Set r = R/M, where M > 2 is a constant to be determined. Note that the center
of the cylinder can be replaced by any point (¢, z) in Rg“, ie.,

7w —p = qx L@, (t,2))
< CM? sup || fallee + CM ™ ([ulls + [u]} + [Du]’ . ),
ac A

which together with Lemma 5.4 implies
[ulps + [u]; + [Dules

<Csup sup 7 7 inf [lu—plL @
>0 (1,0)eRT! pEP1 I Lo (@ (t,2))

< CM sup || fallow + CM ™ ([ulhs + [u]} + [Du]’y). (5.16)
acA

o

By taking M sufficiently large in (5.16) so that CM~* < 1/2, we obtain
[ulhs + [l + [Dul'oos < CM7 sup | fallz...
4 acA

The theorem is proved. O

The proof of Corollary of 1.3 is similar to that of Theorem 1.1, and thus omitted.

APPENDIX

In the appendix, we provide a sketch of the proof of Corollary 2.2.

Proof. By a scaling argument, we assume that » = 1. Let £ > 1 be a constant to
be determined later. Set § = 6/k. Let (o, x0) € Qs/2 be such that u(to, o) =
infq;,, u. Since o € (1,00), we have 277 < 1 —477. By a scaling and translation
of the coordinates, we apply Proposition 2.1 to u in Q;(to, o) and obtain

5Dl 6, < ol(Q inf  u+ 080),

5(to,zo)
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where Q1 = Qs(t1,w0) and t; = tg — (47 — 1)6°. For any z1 € B5/2(:c0),

||u||LE(Q1) z ”uHLs((t1*5",t1)><33/2($1))

> Oyslotd)/e inf u > Cxd0tD/e inf u,
(tl—(s”,tl)XBé/z(Il) Q&(thml)

where C3 > 0 depending only on d. Therefore,

inf w< 01/02( inf  u+ céff).
Qs (t1,z1) Qs (to,z0)

Applying Proposition 2.1 again, we have

Sf(Uer)/E”uHLE(Qz) < C1<Q inf u+ CfSO')7

s(t1,x1)

where Qz = Q;(t2,x1) and to = to — 2(47 — 1)8", and for any xo € BS/Q(ml),

inf ugcl/cz( inf u+080).
Q(g(t27$2) Qg(thxl)

By induction, or any x,_1 € B(n—l)&/z(xo) N By,

g—(0+d)/€||u||LE(Qn)§C'3( inf u+08")

Q;(to,zo0)

< Cy(ulty, w0) + C3%) = s jmf u+C87),

Qs/2

where Qn = Qs(tn, Tn_1), tn = to — n(47 — 1)5", and C3 is a constant depending
only on A, A, d, and n. Notice that |xg| < 6/2, to € [—(§/2)7,0], and ¢ > 1.
We can choose k£ > 1 in a suitable range depending only on ¢ and J, and then
n < [2k/8] 4+ 1, such that @Q,, runs through (—67, —4° + (4% —1)6%) x B;. Finally,
by applying Proposition 2.1 again and using a simple covering argument, we prove
the corollary. ([

(10]
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